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The multiconfiguration time-dependent Hartree �MCTDH� method is combined with the optimal
control theory �OCT� to study femtosecond laser pulse control of multidimensional vibrational
dynamics. Simulations are presented for the widely discussed three-electronic-level vibronic
coupling model of pyrazine either in a three or four vibrational coordinate version. Thus, for the first
time OCT is applied to a four-coordinate system. Different control tasks are investigated and also
some general aspects of the OCT-MCTDH method combination are analyzed. © 2006 American
Institute of Physics. �DOI: 10.1063/1.2208611�
I. INTRODUCTION

It is of ongoing interest to explore molecular dynamics
by special tailored femtosecond laser pulses �see, for ex-
ample, Refs. 1 and 2�. While multidimensional wave packet
dynamics in polyatomic and condensed phase systems have
been studied in closed loop control experiments,3–7 simula-
tions based on the optimal control theory �OCT� are re-
stricted to models with at most two nuclear coordinates �for
example, Refs. 8–10�. However, to understand the molecular
dynamics underlying the particular control mechanism real-
ized in the experiment, more sophisticated models are often
necessary.

One efficient way to treat multidimensional vibrational
dynamics in molecular systems is offered by the multicon-
figuration time-dependent Hartree �MCTDH� method.11–13 In
this method the wave function is expanded in a basis of
time-dependent product states �Hartree products� with also
time-dependent expansion coefficients. In the most basic
form every wave function forming the product basis belongs
to a single vibrational coordinate defining the so-called
single particle functions �SPFs�. This basis adapts itself to
the evolving wave packet and remains optimally small, al-
lowing larger systems to be treated efficiently.

Here, we will apply the combination of the MCTDH
method with the OCT to carry out simulations for the widely
studied pyrazine molecule.14–18 For our purposes an elec-
tronic three-state model complemented by three or four vi-
brational modes is sufficient. Besides the S0 ground state, it
covers the excited S1�� ,�*� and S2�n ,�*� states, where the
latter are vibrationally coupled and exhibit a conical intersec-
tion.

The respective Hamiltonian used for our simulations is
shortly recalled in Sec. II. Afterwards, the combination of the
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MCTDH method with the OCT is introduced in Sec. III. In
Sec. IV numerous numerical results are presented, and the
paper ends with some concluding remarks in Sec. V.

II. THE MODEL

The three-electronic-state vibronic coupling model of
pyrazine has been described at various places in literature
�see, e.g., Refs. 14–18�. Here, we only recall some basic
features. The overall pyrazine Hamiltonian including the
coupling to the radiation field is written as

H�t� = Hmol + Hfield�t� . �1�

The molecular part expanded in a diabatic basis reads19,20

Hmol = Hvib��S0
���S0

� + �
a=S1,S2

	Ea + Hvib + �
j��1

� j
�a�Qj


���a���a� + �
j��3

�� jQj��S1
���S2

� + H.c.� , �2�

where �a denotes the electronic wave function of state a �a
=S1 ,S2�, the Ea are the vertical electronic excitation energies
�note that ES0

has been set equal to zero�, and the vibrational
Hamiltonian is given by

Hvib = �
j

�� j

2
	−

�2

�Qj
2 + Qj

2
 . �3�

In Hmol, Eq. �2�, �1 indicates the set of totally symmetric
modes and �3 corresponds to the set of asymmetric ones
which provide a linear coupling between the two excited
states.14,17,19–21 In the following we use a description with the
single nontotally symmetric coupling mode j=10a �out of
plane vibration� and two or three totally symmetric tuning
modes j=1,6a or j=1,6a ,9a �ring stretching and bending
vibrations�, respectively. All parameters for the three- and

four-mode models of pyrazine are listed in Table I. For fur-
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ther use it also contains the oscillation periods Tj of the vi-
brational modes and their equilibrium positions Qj

�a� in the
two excited states.

In pyrazine the S0−S1���*� and S0-S2�n�*� transitions
are dipole allowed, whereas the S1-S2 transition is dipole
forbidden. The oscillator strength of the S0-S1 transition,
however, is approximately ten times smaller than that of the
S0−S2 transition and, therefore, will be neglected in what
follows �some test calculations confirmed this decision�.
Consequently, the coupling to the radiation field is written as

Hfield�t� = − E�t�	̂ � − E�t��d��S2
���S0

� + H.c.� . �4�

The transition-dipole matrix element is denoted by d and is
assumed to be independent of the nuclear coordinates �Con-
don approximation�. The electric field strength E should be
linearly polarized �the polarization unit vector is n�.

In the following we will restrict the discussion to in-
tramolecular electronic and vibrational dynamics. Thus, any
coupling of the excited molecules to an environment �in the
condensed phase� or to their rotational motion �in the gas
phase� has been neglected. The effect of a possible random
spatial orientation of the molecules is also suppressed �the
product of d and of the field polarization n is fixed and
identical for all molecules�. And a low temperature situation
is considered. Consequently, the ensemble of molecules can
be represented by a pure state before excitation, i.e., by the
vibrational ground state of the electronic ground state and a
fixed spatial orientation.

III. OPTIMAL CONTROL SCHEME COMBINED
WITH THE MCTDH METHOD

In its standard version laser pulse control of molecular
dynamics is formulated as the task to maximize an observ-
able O at a particular final time tf by radiation field
excitation.22–25 In the present case of pure-state dynamics the
observable is obtained as

O�tf ;E� = �
�tf��Ô�
�tf�� , �5�

where Ô is the operator corresponding to the observable and

�tf� denotes the laser pulse driven system wave function at
final time tf �for simplicity, the notation neglects the depen-

TABLE I. Parameters of the three-electronic-state v
either on three �Refs. 15 and 17� or four vibrational m
vibrational modes and their equilibrium positions Qj

�a

and � j in eV, Tj in fs�. The vertical electronic excita

j �� j � j
�S1� � j

�S2�

1 0.126 0.037 −0.254
6a 0.074 −0.105 0.149

10a 0.118 ¯ ¯

1 0.127 0.047 0.201
6a 0.074 −0.096 0.119
9a 0.157 0.159 0.048

10a 0.094 ¯ ¯
dence of all wave functions on E�. Assuming a single state
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tar which should be reached at tf �target state�, Ô would
become the projector �
tar��
tar�.

The maximization of O�tf� is achieved by applying the
OCT based on the functional

J�tf ;E� = O�tf ;E� − 1
2�

t0

tf

dt��t�E2�t� . �6�

This so-called control functional contains a constraint to
guarantee finite field intensity, where the respective Lagrange
parameter ��t� includes a time dependence ��t�
=�0 / sin2��t / tf� to switch the laser field on and off
smoothly.8

In searching for the extremum of J�tf ;E� the laser pulse
can be calculated which solves the control task. It is usually
named optimal pulse and the respective value of O�tf ;E� is
known as the control yield. The optimal pulse has to be de-
duced from the following functional equation:

E�t� = −
2

���t�
Im���t��	̂�
�t�� , �7�

where the wave function 
�t� obeys the standard time-
dependent Schrödinger equation �including the laser pulse
and with the initial value �
0��

i�
�

�t
�
�t�� = �Hmol − E�t�	̂��
�t�� . �8�

The function ��t� results from a similar equation,

i�
�

�t
���t�� = �Hmol − E�t�	̂����t�� , �9�

but propagated backwards in time starting at tf and ending at
t0. The respective “initial” value reads

���tf�� = Ô�
�tf�� . �10�

In Refs. 26 and 27 an iteration scheme to determine the
optimal pulse has been suggested which combines these for-
ward and backward propagations iteratively. The key point in
this connection is the replacement of the field strength in
Eqs. �8� and �9� by the right-hand side of Eq. �7�, resulting in
coupled nonlinear Schrödinger equations for forward and
backward propagations. When iterating these equations one
guesses an initial pulse E�0��t� to compute the zeroth-order

�0�

ic coupling model for pyrazine �see Eq. �2�� based
s �Refs. 19 and 20�. The oscillation periods Tj of the
he two excited states are also given ��� j, � j

�S1�, � j
�S2�

nergies amount to ES1
=3.94 eV and ES2

=4.84 eV.

� j Tj Qj
�S1� Qj

�S2�

¯ 32.8 −0.29 2.02
¯ 55.9 1.42 −2.01

0.262 35.0 0 0

¯ 32.5 −0.37 −1.58
¯ 55.9 1.30 −1.61
¯ 26.3 −1.02 −0.31

0.183 44.2 0 0
ibron
ode

� in t
tion e
wave function 
 �t� using directly Eq. �8�. For the subse-
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quent backward propagation �calculation of ��0�� one re-
places E�t� in Eq. �9� by −2 Im���0��t��	̂�
�0��t�� / ����t�� ac-
cording to Eq. �7�. The nonlinear Schrödinger equation for
��0� can be solved and the whole procedure is extended up to
the case that convergence is obtained. The nth forward itera-
tion uses the result of the �n−1�th backward iteration and the
nth backward iteration uses the result of the nth forward
iteration. Within every iteration step �finalized after the com-
putation of 
�n�� an approximate optimal pulse E�n��t� can be
calculated from the right-hand side of Eq. �7�. Different au-
thors demonstrated that this iteration scheme exhibits qua-
dratic and monotonic convergence �see Refs. 27–29�.

It is the specialty of the approach presented here that the
time dependence of the state vectors �
� as well as ��� are
determined by the MCTDH method.11–13 In order to apply
the MCTDH method one introduces an expansion with re-
spect to the diabatic electronic states �a=S0 ,S1 ,S2�:

�
�t�� = �
a

�a�Q,t���a� , �11�

and

���t�� = �
a

a�Q,t���a� , �12�

resulting in vibrational wave functions �a�Q , t� and a�Q , t�
for the forward and the backward propagation, respectively.
As already mentioned the initial wave function for the for-
ward propagation is given by the vibrational ground state of
the S0 level. The initial values for the  functions follow
from Eq. �10� as

�a�tf�� = �
b

��a�Ô��b���b�tf�� . �13�

The expansion with respect to the electronic states trans-
forms Eq. �7� for the optimal pulse into the following form
�see also Eq. �4��:

dE�t� = − ��0 sin2	�t

tf

Im��S2

�t���S0
�t��

+ �S0
�t���S2

�t��� . �14�

The expression is written using the Rabi energy dE�t� the
introduction of which is appropriate for the numerical calcu-
lations. Moreover, 1 /�0 has been replaced by the effective
parameter �0=2�d�2 / ��2�0� �notice that ��0 has the dimen-
sion of energy�. Although the functions �S1

and S1
do not

appear in the expression determining the optimal pulse, of
course, they enter the set of coupled wave equations.

The time-dependent Schrödinger equations for the vibra-
tional wave functions �a and b are solved within the
MCTDH method13 by introducing the following expansion
�shown here for �a�:

�a�Q,t� = �
�1=1

M1

�
�2=1

M2

¯ �
�N=1

MN

A�1�2¯�N

�a� �t�
j=1

N

��j

�a��Qj,t� . �15�

The quantity Mj is the number of single particle functions
��j

�a��Qj , t� for mode j �=1, . . . ,N� and the A�1�2¯�N

�a� �t� are the

time-dependent expansion coefficients for the particular Har-
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tree products  j��j

�a��Qj , t�. The expansion coefficients as well
as the Hartree products additionally depend on the electronic
quantum number a=S0 ,S1 ,S2. The wave functions a�Q , t�
of the backward propagation have to be expanded in the
same way.

As detailed, for example, in Ref. 13 the ansatz �Eq. �15��
on which the MCTDH method is based on, results in coupled
nonlinear equations of motion for the single particle func-
tions and the expansion coefficients. At the moment it cannot
be proven if these equations of motion also result in a qua-
dratic and monotonic convergence as it is the case for the
iteration scheme mention beforehand to determine the opti-
mal pulse. Such an iteration scheme, however, is also not
applicable within the existing MCTDH code.30 This is be-
cause the code does not allow for the solution of time-
dependent Schrödinger equations which become nonlinear
like those obtained via a replacement of the field strength by
the expression given in Eq. �7�. Therefore, it only remains to
prove convergence within the course of the numerical calcu-
lations.

To remain sufficiently close to the original iteration we
did not approximate the field strength E�n��t� of the actual
iteration �which enters the equations for the �a

�n� and b
�n�� by

the field strength of the foregoing iteration. Instead, values
calculated at earlier times but within the same iteration are
used to obtain E�n��t� via a quadratic extrapolation. Conse-
quently, to get the nth iteration of the field at times t and t
+�t, first, the field at the preceding time t−�t is computed
according to

E�n��t − �t� = −
2

���t − �t�

�Im���n−1��t − �t��	̂�
�n��t − �t�� . �16�

This expression uses the function � �or the functions b� of
the foregoing iteration and the function 
 �or the functions
�a� of the present iteration but determined in the foregoing
time step. To carry out the extrapolation two auxiliary fields
have to be introduced, namely,

Eaux
�1� = 1

2 �E�n��t − 3�t� − 4E�n��t − 2�t� + 3E�n��t − �t�� ,

�17�

and

Eaux
�2� = 1

2 �E�n��t − 3�t� − 2E�n��t − 2�t� + E�n��t − �t�� ,

�18�

resulting in extrapolated field strengths

E�n��t� = E�n��t − �t� + Eaux
�1� + Eaux

�2� , �19�

and

E�n��t + �t� = E�n��t − �t� + 2Eaux
�1� + 4Eaux

�2� . �20�

Note that these two extrapolated field strengths together with
E�n��t−�t� are necessary for the whole application of the
MCTDH code. Some illustrative examples indicating the nu-
merically stable convergence behavior of this iteration

scheme can be found in Appendix B.
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IV. NUMERICAL RESULTS

To present data on the application of the combined OCT-
MCTDH method we first concentrate on the control yield
which is given by O�tf ;E�, Eq. �5�, calculated with the opti-
mal pulse. But we will also analyze the overall electronic
state populations obtained as

Pa�t� = ��a�t���a�t�� � � dQ��a�Q,t��2, �21�

where Q abbreviates the whole set of coordinates and �dQ
the respective integration. Furthermore, to characterize the
laser pulse driven vibrational dynamics in more detail re-
duced single-coordinate probability distribution functions re-
ferring to a particular electronic state are introduced. When
focused on the vibrational coordinate Qj they read

pa�Qj,t� =� dQ̃��a�Q,t��2, �22�

where �dQ̃ indicates that the integration has to be taken with
respect to all coordinates except Qj. In Appendix A we
present both quantities, Eqs. �21� and �22�, for a wave packet
moving freely �without external field control� between the S2

and S1 states after an impulsive excitation into the S2 state.
This should serve as a reference case for all subsequent stud-
ies on laser pulse driven dynamics.

As a third observable we will compute the coordinate
expectation value referring to electronic state �a which is
defined as

�Qj
�a��t�� � ��a�t��Qj��a�t�� =� dQjQjpa�Qj,t� . �23�

Details on the performance of the combined OCT-
MCTDH method are given in Appendix B. Notice that for all
data presented in the following 15 iterations have been suf-
ficient to arrive at rather well converged results �see also
Appendix B�.

A. Reference calculations: Neglect of the S1 State

We start our considerations in neglecting the vibronic
coupling among the two excited electronic states just consid-
ering the excitation of the S2 state only. This will be done in
exclusively using the three-mode model of pyrazine. Al-
though somewhat artificial when considering pyrazine these
computations serve as a reference case for later investiga-
tions. In particular, they will demonstrate to what extent a
vibrational wave packet in the excited S2-state potential en-
ergy surface �PES� may be prepared.

First, for the sake of simplicity, let us assume that the
target state is the whole electronic state S2, without any de-
pendency on a particular vibrational state. Then, we have to

set Ô= ��S2
���S2

� and the control yield follows as O�tf ;E�
= PS2

�tf�, Eq. �21�, with tf =100 fs. It can be seen in Fig. 1
that the optimal laser pulse covers about one-half of the
whole time interval, it starts to excite the system at about
20 fs; the amplitude of the-field increases with time, gets its

maximum at about 60 fs, and switches off at about 80 fs. The
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shape of the field differs from a simple Gaussian, and the
control yield can become as large as 0.95 �here we use
��0=2 eV�.

Since the vibronic coupling is switched off in this ex-
ample, the coordinate probability distribution, Eq. �22�, of
the coupling mode Q10a does not display any oscillation �not
shown�. On the contrary, the probability distributions of both
tuning modes oscillate around their S2-state equilibrium po-
sitions �see Table I�. Although the described control task is a
simple attempt to maximize the population of a parabolic
PES in a three-dimensional coordinate space details of the
dynamics appear less trivial. In particular, the optimal pulse
deviates from a simple Gaussian one. Apparently, this is
caused by the motion of a wave packet accompanying the
excitation of the electronic state. But the results also indicate
the complex behavior of the wave function defined versus
three coordinates in a rather simple control task.

The foregoing considerations are continued by using a
particular vibrational wave packet in the S2 state as the tar-
get, i.e., we set �
tar�=��tar��Q� ��S2

�. The vibrational target
wave function ��tar��Q� is chosen as the wave function of the
vibrational ground state in the electronic ground-state PES,
given by  j�S0,0�Qj�, but displaced by Qj

�tar� fixing the posi-

FIG. 2. Laser pulse control of pyrazine described by a three-mode two-
electronic-state model. Solid line: S0-state population, dashed line: S2-state
population, lower part of the figure: temporal behavior of the optimal pulse
field strength. The target state of the control task should be reached at tf

=200 fs and is given by a vibrational state in the S2 state following from the
vibrational ground-state function displaced into the S2-state equilibrium po-
sition �the unit 0.1 at the axis corresponds to an electric field strength of

7

FIG. 1. Laser pulse control of pyrazine described by a three-mode two-
electronic-state model. Solid line: S0-state population; dashed line: S2-state
population, lower part of the figure: temporal behavior of the optimal pulse
field strength. The target state of the control task is given by the complete S2

state to be reached at tf =100 fs �the unit 0.1 at the axis corresponds to an
electric field strength of about 2�107V/cm�.
about 2�10 V/cm�.
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tion of the target wave packet in the excited-state PES. The
related control yield reads O�tf ;E�= ����tar� ��S2

�tf���2.
The approach described so far aims at a complete match

of the target state. However, for target vibrational states po-
sitioned in an excited electronic state it would be also rea-
sonable to maximize the overlap of the driven wave function
with the target wave function but at an overall excited state
population much less than 1. This is typical for a weak-field
situation where the excited wave function solves the control
task but with a very small overall excitation. Arriving at
lower control yields in the following is such a possibility that
has to be taken into consideration. Therefore the renormal-
ized control yield O�ren��tf ;E�=O�tf ;E� / PS2

�tf� is introduced.
The reference example among such target states is the

one where ��tar��Q� is centered at the equilibrium position of
the S2 state, i.e., it is described by the displaced vibrational

FIG. 3. Laser pulse control of pyrazine described by a three-mode two-
electronic-state model. Solid line: S0-state population, dashed line: S2-state
population, lower part of the figure: temporal behavior of the optimal pulse
field strength. The target state of the control task should be reached at tf

=200 fs and is given by a vibrational state in the S2 state following from the
vibrational ground-state function displaced into �Q1

�tar� ,Q6a
�tar� ,Q10a

�tar��= �0.0,
−2.01,0.0� �the unit 0.1 at the axis corresponds to an electric field strength
of 2�107 V/cm�.

FIG. 4. Temporal evolution of the reduced S2-state coordinate probability
distributions referring to the control task of Fig. 3. Upper panel: mode 1 and

lower panel: mode 6a.

Downloaded 14 Nov 2006 to 141.20.41.167. Redistribution subject to
ground states  j�S0,0�Qj −Qj
�tar��, where the Qj

�tar� specify the
displacement, here taken as Qj

�tar�=Qj
�S2� �see Table I�. In or-

der to ensure that the laser pulse induced vibrational wave
packet excitation and driving becomes efficient enough we
put tf at 200 fs. Figure 2 shows the electronic state popula-
tions PS0

and PS2
, together with the optimal pulse. The much

higher specialty of the target state compared with the case
shown in Fig. 1 leads to a decrease of the control yield �0.85
instead of 0.95�.

In a further step we place the target wave packet to a
position where one tuning mode is displaced from its vibra-
tional equilibrium position. Figure 3 shows the related over-
all electronic state populations and the optimal pulse cover-
ing five well separated subpulses. They result in a stepwise
change of the level populations and are in phase with the
oscillating excited state vibrational wave packet. The behav-
ior of the latter is displayed in Fig. 4. However, while a
strong oscillation can be observed with respect to the
Q1-probability distribution resulting in the maximal value at
Q1=0 at tf, the other tuning mode starts to oscillate but later
its motion is damped to arrive at Q6a=Q6a

�tar� at t= tf. In con-
trast, the Q10a probability monotonously increases up to the
final time tf �not shown�.

The computations presented so far are finalized by an
investigation of similar control tasks with a series of system-
atically displaced vibrational target states in the electronic

FIG. 5. Control yield for a laser pulse driven vibrational wave packet mo-
tion into vibrational states displaced with respect to either the Q1 or the Q6a

coordinate. The upper panel shows the yield vs the target wave packet po-
sition along the Q1 coordinate and the lower panel the yield vs the Q6a

coordinate. In any case the wave packet position with respect to the two
other coordinates is given by the S2-state equilibrium position. The solid line
gives the overall control yield and the dashed line the renormalized yield
�see also text�.
excited state. The upper panel of Fig. 5 shows the control
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yield versus the location of the target wave packet at the Q1

coordinate. The center of the wave packet with respect to the
6a and 10a modes is fixed at their equilibrium position.
Similar results but now with the control yield versus the
location of the target wave packet at the Q6a coordinate are
shown in the lower panel of Fig. 5. To make the results of
this series of OCT solutions comparable we also present the
renormalized control yield O�ren� obtained by taking the ratio
of the control yield and the overall population of the S2 state.
The latter quantity gets its maximum value of 1 at the re-
spective equilibrium position of the S2-state PES. While the
control yield versus the Q1-coordinate wave packet location
is rather symmetric with respect to the equilibrium position
this is not the case when drawing similar data versus the
Q6a-coordinate �see lower panel of Fig. 5�. Moreover, one
notices that the control yield is more influenced by a dis-
placement with respect to the Q1 coordinate than with re-
spect to the Q6a coordinate, which is caused by the smaller
vibrational frequency of the latter mode.

B. The coupling between the S1 and the S2 state:
Acceleration versus suppression of S2-S1 internal
conversion

According to the computations of Refs. 16 and 31 the
S2-S1 state conical intersection is located close to the mini-
mum of the S2-state PES. As a result optical excitation of the
S2 state is followed by ultrafast internal conversion �IC� into
the S1 state. Since the vibrational states of the S2 state have a
short lifetime, we can expect that laser pulse control of vi-

FIG. 6. Laser pulse controlled maximization of the overall S1-state popula-
tion �upper panel, tf =100 fs� and of the S2-state population �lower panel,
tf =30 fs�. Solid line: S0-state population, dashed line: S2-state population,
dashed-dotted line: S1-state population, thin solid line: temporal behavior of
the respective optimal pulse �the unit 0.1 at the axis corresponds to an
electric field strength of about 2�107 V/cm�.
brational wave packet motion in the S1-state PES is easy to

Downloaded 14 Nov 2006 to 141.20.41.167. Redistribution subject to
be achieved, which, however, should be not the case for a
positioning of the vibrational wave packet at the S2 state. To
compare such types of control tasks the whole S1 or S2 state

is used to construct the target operator, i.e., we will set Ô

= ��S1
���S1

� or Ô= ��S2
���S2

�. The final time tf at which the
target state should be reached is taken as 100 fs as well as
30 fs where the latter value is dictated by the fast S2 -S1

transition taking place within some 10 fs; moreover, we set
��0=2 eV.

TABLE II. Control yield O�tf ;E� and renormalized yield O�ren��tf ;E� ob-
tained within the control tasks described in Sec. IV C. The results are or-
dered with respect to the target state specified by the electronic level and the
localization of the coupling mode vibrational wave packet. A second set of
results, where the position of the target state on the coupling mode has been
changed, are also tabularized and are listed in parentheses. The wave pack-
ets in the tuning modes are localized at the equilibrium position in their
respective electronic states. The final time tf and the parameter �0 are also
given �for details see text�.

Target state tf �fs� ��0 �eV� O�tf ;E� O�ren��tf ;E�

S1;1.0�2.0� 100 10 0.197�0.315� 0.310�0.462�
S1;1.0�2.0� 200 10 0.251�0.361� 0.306�0.459�
S1;1.0�2.0� 400 10 0.260�0.373� 0.301�0.465�
S0;1.0�2.0� 200 10 0.384�0.311� 0.414�0.336�
S2;1.0 100 10 0.134 0.243

FIG. 7. Temporal evolution of the reduced S1-state coordinate probability
distributions referring to the control task of the upper panel of Fig. 6. From
the top to the bottom: mode 1, mode 6a, and mode 10a.
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A comparison of the S0-, S1-, and S2-level populations as
well as the shape of the optimal pulse are presented in Fig. 6.
The upper panel of Fig. 6 demonstrates the temporal behav-
ior of all electronic level populations if the target states are
given by the S1 level. The necessary intermediate S2-level
population and the fast IC result in a rather high control
yield. For the reverse case with the S2 state as the target state
�lower panel of Fig. 6� we reduced tf to 30 fs. Otherwise,
OCT would displace the optimal pulse to start to act at about
85 fs and to reach the target at 100 fs. Now, the S2-state �the
target state� population reaches the value of 0.65, i.e., a short
intermediate stabilization of the S2-state population would be
possible. But it is immediately followed by IC into the S1

state. A neglect of the control pulse envelope function
sin−2��t / tf� introduced in Eq. �14� allows the optimal pulse
to reach larger values in the close vicinity of tf with a larger
control yield. However, a somewhat longer laser pulse driven
stabilization of S2-state population becomes impossible. This
all indicates that within the given scheme of OCT a pro-
nounced suppression of IC is impossible.

Additionally, this conclusion is illustrated in Fig. 7
showing the temporal behavior of the three reduced coordi-
nate probability distributions, Eq. �22�, projected on the S1

electronic target state. As shown in Fig. 7 the probability
distributions of the two tuning modes Q1 and Q6a indicate an

FIG. 8. Laser pulse controlled wave packet formation in the S1 state with the
target wave packet located at �Q1

�tar� ,Q6a
�tar� ,Q10a

�tar��= �−0.29,1.42,1.0�. Solid
line: S0-state population, dashed line: S2-state population, dashed-dotted
line: S1-state population, thin solid line: temporal behavior of the respective
optimal pulse �the unit 0.1 at the axis corresponds to an electric field
strength of 2�107 V/cm�.

FIG. 9. Laser pulse controlled wave packet formation in the S0 state with the
target wave packet located at �Q1

�tar� ,Q6a
�tar� ,Q10a

�tar��= �−0.29,1.42,2.0�. Solid
line: S0-state population, dashed line: S2-state population, dashed-dotted
line: S1-state population, thin solid line: temporal behavior of the respective
optimal pulse �the unit 0.1 at the axis corresponds to an electric field

7
strength of about 2�10 V/cm�.

Downloaded 14 Nov 2006 to 141.20.41.167. Redistribution subject to
opposite oscillation of the respective wave packets. At the
same time the coupling mode wave packet disperses sym-
metrically around its equilibrium position at Q10a

�S1�=0 with the
related coordinate expectation value �Q10a

�S1��t�� �see Eq.
�23�� also remaining at 0. This behavior gives an interesting
insight into the manner the coupling mode supports the IC
process.

FIG. 10. Laser pulse controlled wave packet formation in the S2 state with
the target wave packet located at �Q1

�tar� ,Q6a
�tar� ,Q10a

�tar��= �2.02,−2.01,1.0�.
Solid line: S0-state population, dashed line: S2-state population, dashed-
dotted line: S1-state population, thin solid line: temporal behavior of the
respective optimal pulse �note the absence of any time dependence of ��t�;
the unit 0.1 at the axis corresponds to an electric field strength of about 2
�107 V/cm�.

FIG. 11. Temporal evolution of the reduced S2-state coordinate probability
distributions referring to the control task of Fig. 10. From the top to the

bottom: mode 1, mode 6a, and mode 10a.
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If the whole S2 state is taken as the target state, however,
the wave packet motion differs strongly from the foregoing
case. At the end of the 30 fs control pulse a wave packet is
excited which remains rather localized in all the vibrational
coordinates �since the respective shape of the probability dis-
tributions is quite simple and looks similar in each coordi-
nate, we did not present them here�. In particular, the prob-
ability distribution related to the coupling mode does not
show the broad dispersion indicating the way the optimal
pulse suppresses IC. Again, this only becomes possible on a
very short time interval.

To judge the obtained effect of laser pulse control we
compare the presented data with the wave packet dynamics
after an impulse S2-state excitation �instantaneous vertical
placement of the ground-state vibrational wave function
from the S0 into the S2 state�. The wave packet dynamics are
known from literature �see Ref. 32 and references therein�,
but for convenience they are presented again in Appendix A.
While in the undriven case the wave packet moves between
the S2 and S1 states with a period of about 80 fs including
some overtones �shorter modulations of the electronic state
populations� these overtones are absent in the case of field
driven dynamics of Fig. 6. And the driven dynamics avoid
large S2-state population �upper panel of Fig. 6� as well as
suppress S1-state population over a period of about 15 fs
�note also the different shapes of the coordinate probability
distributions�. Nevertheless, for the present choice of the
control task the ability of a flexible control in comparison
with a free evolution of the wave packet is not so large. A
more specific target state, however, will overcome this some-

FIG. 12. Laser pulse controlled maximization of the overall S1-state popu-
lation �upper panel, tf =100 fs� and the S2-state population �lower panel, tf

=30 fs� using the four-coordinate model. Solid line: S0-state population,
dashed line: S2-state population, dashed dotted line: S1-state population, thin
solid line: temporal behavior of the respective optimal pulse �the unit 0.1 at
the axis corresponds to an electric field strength of 2�107 V/cm�.
what disappointing result.

Downloaded 14 Nov 2006 to 141.20.41.167. Redistribution subject to
C. Acceleration of the S2-S1 internal conversion:
Choice of different vibrational target states at the S1
electronic state PES

To investigate laser pulse control of the IC process into
the S1 electronic state in more detail we proceed as in Sec.
IV A and introduce target states as displaced vibrational
ground states  j�S0,0�Qj −Qj

�tar��, where Qj
�tar� specifies the

displacement of the vibrational wave function with respect to
the particular coordinate. Noting the results displayed in Fig.
7 we realize that the wave packets of the two tuning modes
move to their equilibrium position at final time.

Table II lists the results of simulations where the target

FIG. 13. Temporal evolution of the reduced S1-state coordinate probability
distributions using the four-mode model. The control task refers to that of
the upper panel of Fig. 12. From the top to the bottom: mode 1, mode 6a,
mode 9a, and mode 10a.
wave packet was set at the tuning modes’ equilibrium posi-

 AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



014102-9 Control of vibrational dynamics J. Chem. Phys. 125, 014102 �2006�
tion in the S1 or S2 state �see Table I� and with respect to the
coupling mode located either at 1.0 or 2.0. Additionally, our
simulations indicate that a lower value of �0 does not lead to
a stable solution of the control task. Choosing a larger value
and increasing the control pulse length via an increase of tf

increases somewhat the yield. The effect on the renormalized
control yield O�tf� / Pa�tf�, however, is less pronounced. But
the respective numbers somewhat below 0.4 show that the
driven wave packet matches the target state to a sufficient
extent. The related level populations are shown in Fig. 8. If
one compares the coordinate probability distributions �not
shown� with the behavior shown in Fig. 7 pronounced dif-
ferences become obvious. There are no large oscillations
with respect to the tuning modes. The wave packet gets its
maximal value at the target state at the final time tf. The
coupling mode disperses symmetrically �formation of a
hump shaped wave packet�. It can be also seen in Fig. 8 that
the optimal pulse covers the whole time interval. Although
directly addressed in the optical excitation the population of
the S2 state is suppressed in the whole time interval. Notice
that although �0 has been taken five times larger than the
value used in Fig. 6 the field strength does not change con-
siderably.

To highlight the effect of IC in a somewhat different way
we consider a control task where the target wave packet is
located at the S0-state PES �consideration of a pump-dump
process� and at the S1-state equilibrium position of the tuning
modes �as listed in the fourth line of Table II�. Figure 9
shows the level populations of this pump-dump process. In-
terestingly, the optimal pulse covers eight subpulses depopu-
lating and repopulating the electronic ground state. In the

FIG. 14. Temporal evolution of the total population of the S2 �dashed line�
and S1 states �dashed-dotted line� after an impulsive excitation of the S2

state. Upper panel: three-mode model, lower panel: four-mode model.
whole excitation process the population of the S2 state is

Downloaded 14 Nov 2006 to 141.20.41.167. Redistribution subject to
small compared with that of the S1 state. And the latter is
depopulated at the end of the laser pulse, too, although not
directly coupled to the ground state.

A population of the S2 state can only be achieved when
removing the time dependence of the control parameter ��t�
�see Eq. �14��. The respective data are also given in Table II
and have been computed with the target wave packet to be
located at the equilibrium position of the two tuning modes
in the S2 state �Q1

�tar� ,Q6a
�tar� ,Q10a

�tar��= �2.02,−2.01,1.0�. Related
state populations and coordinate probability distributions are
presented in Figs. 10 and 11, respectively. Compared with
the control task where the whole S2 state has been taken as a
target state the wave packet propagation is much more struc-
tured. The optimal pulse populates, depopulates, and repopu-
lates the S2 state to finally reach the target state at time tf.

D. Application of the four-mode pyrazine model

In this last section we confront the computations pre-
sented so far with results obtained for a four-mode model of
pyrazine.16,33 Besides the two totally symmetric tuning
modes j=1,6a and the coupling mode j=10a it further in-
cludes the additional totally symmetric tuning mode j=9a.

FIG. 15. Temporal evolution of the reduced S1-state coordinate probability
distributions after an impulsive excitation of the S2 state and in using the
three-mode model. From the top to the bottom: mode 1, mode 6a, and mode
10a.
�As in the preceding considerations the remaining totally
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symmetric modes which couple only weakly to the S1 and S2

states are omitted.� In the four-mode model the modes j
=6a and j=9a are the Condon-active modes in the n→�*

excitation, while the modes j=1 and j=6a are primarily
Condon active in the �→�* excitation. Note that the intro-
duction of the additional tuning mode changes all parameters
used within the three-mode model �see Table I� but, appar-
ently, improves the simulation of the electron-vibrational dy-
namics of pyrazine.16,33

To be comparable to the computations discussed so far in
the framework of the three-mode model we repeat the con-
trol tasks based on the target state which is either the overall
S1 or the S2 state �see Figs. 12 and 13�. When confronting the
electronic level populations of the three-mode model �Fig. 6�
with that of the four-mode model �Fig. 12� and the respective
reduced coordinate probability distributions �Figs. 7 and 13�,
they are all rather similar. Also the shapes of the optimal
pulses do not differ so much. There is a similar oscillation in
the j=1 and j=6a modes while the j=9a mode does not
show such pronounced oscillations. In the four-mode model,
additionally, the dispersion of the coupling mode is less
strong.

In order to clearly demonstrate the wave packet motion
in each coordinate, we also calculated the expectation values,
Eq. �23�, of the various vibrational coordinates related to a
particular electronic state �not shown�. It is found that in the
three-mode model the expectation values of Q1 and Q9a

reach �after several oscillations� at final time their equilib-
rium positions �Q1

�S1�=−0.37, Q9a
�S1�=−1.02, see Table I�. In

contrast, that of the coordinate Q6a stays at a value of about
1.7, which is somewhat away from its equilibrium position
Q6a

�S1�=1.3. As already mentioned before the expectation
value of the coupling mode remains at zero because of the
symmetry of the whole IC process. For the four-mode model
and in the considered time interval of 30 fs the tuning modes
1 and 9a get their equilibrium position, while the 6a mode
just reaches Q6a=−0.5 at the final time.

V. CONCLUSIONS

We demonstrated possible laser pulse control of molecu-
lar dynamics in multimode systems by combining optimal
control theory �OCT� with the multiconfiguration time-
dependent Hartree �MCTDH� method. This OCT-MCTDH
approach has been exemplified for the well-established three-
and four-mode three-electronic-level models of pyrazine. To
explain the performance of the OCT-MCTDH approach we
restricted our considerations on rather basic control tasks.
They either aimed at a population maximization of one of the
two excited states �showing vibronic coupling� or they tried
to hit a particular wave packet in these states. In any case the
control target should be reached at a particular time, which
of course, represents an idealization of respective experi-
ments. Nevertheless, differences of the driven dynamics to a
free wave packet motion after ultrafast �impulsive� excitation
into the S2 state have been found mainly for the case where
the target state is specified by a particular wave packet.

The strong vibronic coupling, however, introduces par-

ticular restrictions for the choice of the target state. It might

Downloaded 14 Nov 2006 to 141.20.41.167. Redistribution subject to
be only useful to control wave packet formation in the lower
lying S1 excited state or to deform the electronic ground-state
vibrational wave function within a pump-dump scheme.

The results obtained within the described application of
the combined OCT-MCTDH technique to the three- and
four-mode vibronic coupling models of pyrazine with rather
regular potential energy surfaces have to be considered as
reference data. Laser pulse control of more involved dynam-
ics is under work.
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FIG. 16. Temporal evolution of the reduced S1-state coordinate probability
distributions after an impulsive excitation of the S2 state and in using the
four-mode model. From the top to the bottom: mode 1, mode 6a, mode 9a,
and mode 10a.
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APPENDIX A: UNDRIVEN WAVE PACKET DYNAMICS
IN THE COUPLED S2-S1 STATES

The electron-vibrational dynamics in the excited states
of pyrazine showing the S2-S1 conical intersection have been
already studied in Refs. 15 and 18. In order to compare the
laser pulse driven dynamics, as discussed in the main text,
with the freely moving wave packet after impulsive excita-
tion, the respective data are presented here using the three-
mode and the four-mode vibronic coupling model and focus-
ing on a time interval of 100 fs. Therefore, we assume a
preparation of the S2 diabatic state at t=0 in moving the
ground-state vibrational wave function of the S0 state verti-
cally to the S2 state PES. The time-dependent populations of
the S2 state as well as of the S1 state are displayed in Fig. 14.
The population of S2 state exhibits an initial decay within the
first 40 fs, indicating strong internal conversion. Afterwards,
the �quasiperiodic� recurrences of the population continue up
to few hundred femtoseconds.15,18

It is also instructive to demonstrate the temporal evolu-
tion of the reduced coordinate probability distributions in
each coordinate. Figures 15 and 16 show the S1-state prob-
ability distributions in the three-mode and four-mode mod-
els. It is seen that all the tuning modes oscillate around their
equilibrium positions, followed by large irregular fluctua-
tions. In contrast, the reduced probability of the coupling
mode shows a broad and symmetric dispersion.

APPENDIX B: PERFORMANCE OF THE MCTDH
METHOD

The subsequent discussion mainly concentrates on the
achieved precision and on the convergence behavior of the

TABLE III. Performance of OCT-MCTDH approach
population at tf =100 fs and described in the three-
calculations �see text�. Every one is ordered with re
certain number M of single particle functions as well
ordered with respect to their electronic state contribut
basic time step �t �in fs� of the propagation as well a
overall computational time T �in h� are also presente

� j M

1 8 7 8 1.514E
1 6a 8 7 8 1.011E

10a 8 7 8 1.115E

1 8 10 10 4.875E
2 6a 8 12 12 3.428E

10a 8 10 10 4.535E

1 8 10 10 6.256E
3 6a 8 16 16 5.901E

10a 8 10 10 1.020E

1 8 10 10 9.271E
4 6a 8 12 12 4.015E

10a 8 10 10 6.045E

1 8 10 10 3.965E
5 6a 8 12 12 2.083E

10a 8 10 10 2.525E
combined OCT-MCTDH method. An important check in this
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respect is the determination of the appropriate number of
single particle function �see Eq. �15�� which can be measured
by the related so-called natural populations. Unfortunately,
different quantities to be calculated have a different sensitiv-
ity to changes with respect to the particular MCTDH wave
function representation. Hence, the natural populations do
not provide a unique measure of the convergence.13

We took a closer look on a series of representative simu-
lations using various sets of single particle functions as given
in Table III. The corresponding control yields versus the
number of iterations of the OCT equations are shown in Fig.
17. All the results demonstrate how sensitive the control
yield depends on the used number of single particle func-
tions. Because of the strong S1-S2 state coupling one needs
more single particle functions when populating the S1 state.
And since the tuning mode 6a shows the strongest oscilla-

ontrol task refers to the maximization of the S1-state
pyrazine model�. Listed are �=5 different sets of

t to the vibrational modes j and characterized by a
articular natural populations �NP�. Both numbers are
S0, S1, and S2 states—from the left to the right�. The
performance �for the machine see text� given by the

NP �t T

.221E−3 6.881E−4

.862E−2 7.103E−3 0.04 27

.847E−3 5.989E−4

.677E−5 1.740E−5

.233E−3 1.781E−3 0.04 29

.725E−7 7.275E−7

.265E−5 1.431E−5

.935E−5 6.847E−5 0.04 47

.678E−7 6.760E−7

.641E−5 1.900E−5

.234E−3 1.790E−3 0.08 11.5

.626E−7 1.360E−6

.406E−4 6.388E−5

.700E−4 3.017E−4 0.02 102

.101E−6 4.254E−6

FIG. 17. Laser pulse driven maximization of the S1-state population of
pyrazine described in the three-mode model. The target state population is
drawn vs the number of iterations of the OCT equations and for different
sets � of computations listed in Table III. Solid line: set �=2 dashed-line: set
�the c
mode
spec
as p

ions �
s the
d.

−6 2
−6 1
−7 3

−6 3
−6 4
−7 2

−6 3
−6 2
−6 2

−6 3
−6 4
−7 7

−7 1
−7 8
−8 2
�=1 dashed-dotted line: set �=3.
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tions its simulation required the largest number of single par-
ticle functions. But enlarging their number increases the
computational effort drastically, which is accumulated within
the OCT iteration scheme. The difference with respect to the
control yield between the sets 2 and 3 of computations rep-
resented in Table III is around 2%, but the computational
time necessary for set 3 is about 1.5 times larger than that for
set 2. Therefore, we consider the number of single particle
functions used in set 2 to be sufficient. This set has been
taken for all calculations discussed in the main part of the
paper.

To find the appropriate step �t in the time propagation
the necessary precision has to be related to the available
computer memory, since in the OCT scheme the complete
coordinate dependence of the wave function �propagated for-
ward as well as backward in time� has to be stored after each
time step. For the calculations we chose �t=0.02, 0.04, and
0.08 fs. The calculations using �t=0.04 fs and 0.02 fs be-
have identically �convergence is reached after the 15th itera-
tion�. In the case of �t=0.08 fs, however, the obtained opti-
mal pulse is characterized by a number of abrupt changes
indicating numerical instabilities. So we consider �t
=0.04 fs as the appropriate value for our simulations. The
convergence of the control yield displayed in Fig. 17 also
indicates the usefulness of the OCT iteration scheme sug-
gested in Sec. III, although a strict proof of its behavior is
not available.

It would be also of interest to test the necessary time
needed for the computations �carried out with a 1 Gbyte
memory and 1670 MHz frequency machine�. We compared
the MCTDH propagation done with a field of given time
dependence and with a propagation which includes the com-
putation of the field. Using �t=0.04 fs and tf =100 fs the
first type of computations just needs 6 min for the three-
mode model and 22 min for the four-mode model. Within the
combination of the MCTDH propagation with the iteration
scheme mentioned in Sec. III the program needs to read the
forward and backward propagated wave functions at every
time step and has to carry out the extrapolation for the field
strength. Here, a single propagation up to t= tf needs 28 min
when using the three-mode model and 80 min in the four-
mode case.
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