5 The Reservoir Correlation Function

5.1 General Properties of C,,(t)

we discuss general properties of the correlation function as well as of its Fourier transform

o) = / dt ¢ (1)

if the ®,, are Hermitian we have C?,(t) = C,.(—t);
it follows immediately that

Cou(—w) = /dt e“rCr (1)
and
CZU(W) = CUU(W)
it is convenient to introduce symmetric and antisymmetric correlation functions

O () = Cu(t) + O (1) O (1) = Cu(t) = Cp(t)

uv

note, that C.;(¢) is a real function while C,(¢) is imaginary; moreover, C\)(—t) = C(¢) as well
as Ol (—t) = —C5)(#) hold if CF (t) = Cu(—t) is valid;



another fundamental property of C,,(w) can be derived if one starts from the definition and intro-
duces eigenstates |«) and eigenvalues FE,, of the reservoir Hamiltonian
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here wg, = (Es — E,,)/h are the transition frequencies between the reservoir energy levels and

fo = (al Reglat) = exp(—Ea/kaT)/ S exp(—Es/ksT)
B

denotes the thermal distribution function with respect to the reservoir states;
the time integration of the exponential function produces the delta function and we get

2
Cunlw) = 33 Y Falol AP|B){B1AP[a)d(w — wso)
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now we consider the Fourier transform of the correlation function where the indices v and v are
interchanged; interchanging also « and /3 gives

21
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according to the identity

Ej E, — hw
exp {_kB—T} 0(w — wap) = exp {_kB—T} 0(w + wpa)

we arrive at the important result

Cnle) —exp{%} Conl—)

it builds upon the definition of C,,(w) with respect to the thermal equilibrium of the reservoir;

again, if C? (t) = C,,(—t) is valid the Fourier transform of the symmetric and antisymmetric part of
the correlation function can be written as

C(i)(w) = Cp(w) £ Cpu(—w)

uv

it follows that
B Ci(w)
1+ exp{—hw/kgT}
we introduced the Bose—Einstein distribution function

1
 exp{hw/kpT} — 1
we get a relation between the Fourier transforms of the symmetric and antisymmetric parts of the
correlation function

= (14 n(w)) CL)(w) .
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since a relation between the correlation function and its antisymmetric part Cé?(w) has been es-
tablished it is easy to express C,,(t) by O&?(w);

the inverse Fourier transform can then be written in terms of the half—sided Fourier integral
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5.2 Harmonic Oscillator Reservoir

we set

O =h) wegeQs
3
and get the correlation function
C(t) =) wege wergertrr{ ReqQe(t)Qe'}

&&

the trace is specified as the summation with respect to the product of normal-mode harmonic
oscillator states weighted by the respective thermal distributions

1
ng = z X exp(—Nghwg/k‘BT)

since only operators are concerned with mode index £ and ¢’ the trace reduces to

trp{ ReqQe(H)Qe} = Y > Fr g (Nel (Ner|Qe(t)Qer | Ne) | Ner)

Ng Ng/

the remaining parts of Z{Né} always give 1;
we note that, for example, (N¢|Q¢«|Ne) = 0 and see that only the case £ = ¢’ contributes;



the correlation function reads
nggé Zng Ne||Cee™ “"ft—i—C”r WO —I—C’“L || Ne) = nggg Zng |14 Nele Wft—l—elwﬁtl\fg)
§ Ne § Ne
in the second part of this expression it has been used that only the operator combinations Cgcg
and C¢C; contribute;
finally, they have been replaced by the respective occupation number N¢;

the summations with respect to the oscillator quantum numbers can be removed by introducing
the mean occupation number of a harmonic oscillator mode (Bose—Einstein distribution)

> Nefw, = nfwe)
Ne

we obtain

C(t) =) (wege)*([L+ nlwe)le ™ + nlwe)e™']
§
the Fourier transformed version follows as

Clw) =Y (wege)*([1 + n(we)]d(w — we) + n(we)d(w + we))
¢

to have a compact notation at hand we introduce the new quantity J(w) called spectral density

= 925w — we)
¢



with the help of this relation the correlation function can be written as

C(w) =21 W[l + n(w)](J(w) — J(—w))

the spectral density contains the specific information about the reservoir and its interaction with
the relevant system;
although the specitral density is defined in terms of a sum of delta functions any macroscopic
system will in practice have a continuous spectral density;
there exist different models for J(w) which are adapted to particular system—environment situa-
tions; they are often characterized by a frequency dependence showing a power law rise for small
frequencies which turns, after reaching a cut—off frequency w., into an exponential decay for large
frequencies:

w2 J(w) = O(w) jow? e~w/we

a different frequency dependence is given by the so—called Debye spectral density
Jow

2J(w) = O(w) —=s
PI) = 00)



if there exists an unambiguous relation between the mode index ¢ and the mode frequency w; the
quantity g. can be defined as a frequency—dependent function;

using the abbreviation x(w¢) = g§ it is then possible to rewrite the spectral density by introducing
the density of states (DOS) of the reservoir oscillators

Nr(w) =) 0w — w)
§

it gives the number of oscillators in the reservoir one may find in the frequency interval Aw; it
follows the relation

J(w) = #(w)Nr(w)
which highlights that the spectral density can be viewed as the reservoir oscillator DOS which is
weighted by the coupling strength between system and reservoir coordinates.



521 An Example

once J(w) is fixed the time—dependent correlation function C(¢) can be calculated; in order to do
this we separate it into a real and imaginary part

(0. 9]

O(t) = 0/ dw (cos(wt) coth 2Z:T - isin(wt)) SI(wW) .

for the subsequent computations we use the Debye spectral density; it is easy to calculate C'(¢) in
the high—temperature limit kgT" > hwp where one can take the following approximation

coth(hw /2kpT) =~ 2kgT | hw

if one inserts this approximation into C'(¢) and replaces wsin(wt) by the time derivative of cos(wt)
one obtains

o
cos(wt)

' 0
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since the integrand is an even function of w we can extend the frequency integral up to —oco and
calculate it using the residue theorem
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C1 Co
C: and C, are closed integration contours (with mathematically positive orientation) in the upper or
lower half of the complex frequency plane, respectively;
fort > 0, C; is closed in the upper plane and C, in the lower plane; the situation is reverse for t < 0;

we obtain for the correlation function

_ o e ~wplt
C(t) Shon (2kpT — isgn(t)hwp) e

it decays with a time constant 7. determined by the inverse of wp; if the Debye frequency is as-
sumed to be large, the correlation time goes to zero, i.e. C(t) ~ §(t); this is the Markovian limit;




